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In some previous paper D. Kołodziejczyk (2001) [19] we proved that there exists a
ﬁnite polyhedron P with inﬁnitely many left neighbors in the homotopy category, i.e. P
homotopy dominates inﬁnitely many ﬁnite polyhedra Pi of different homotopy types and
there isn’t any homotopy type between P and Pi . This answers a question of K. Borsuk
(Borsuk, 1975 [2]). The dimension of that P is 3. Here we show that there exists a ﬁnite 2-
dimensional polyhedron with the same property. Some remarks on constructing examples
of 2-dimensional ﬁnite polyhedra dominating inﬁnitely many different homotopy types are
also included.
© 2011 Elsevier B.V. All rights reserved.
In this paper from now on every polyhedron is assumed to be ﬁnite.
Let C be the Homotopy or Shape Category and let  denote a domination in C .
For X, Y ∈ ObC , we say that X is a left neighbor of Y in C , if X < Y (it means that X  Y holds but Y  X fails) and
every Z ∈ ObC such that X  Z  Y is equal either to X or to Y in C (similarly we deﬁne a right neighbor of Y in C).
In 1975 K. Borsuk asked [2, Problem (6.4), p. 349] in the shape category:
Is it true that every FANR has only a ﬁnite number of left neighbors?
In [19] we proved that the answer to this question is no — there exists not only an FANR, but even a polyhedron P with
inﬁnitely many left neighbors which are also polyhedra. This gives a counterexample to the Borsuk’s question (in both, the
homotopy and shape, categories). It should be noted that the homotopy version of the Borsuk’s question is equivalent to
the shape version (by the results of [9], there is a 1–1 correspondence between the shapes of compacta and the homotopy
types of CW-complexes dominated by a given polyhedron). (For the basic notions and results of shape theory we refer the
reader to [2] or [8,21].)
The dimension of the counterexample from [19] is 3. Here we show that there exists a 2-dimensional polyhedron with
the same property. Obviously, in dimension 1 such an example cannot exist — it is well known that every 1-dimensional
polyhedron has the homotopy type of a ﬁnite wedge of the circles S1.
In the paper we will work in the homotopy category of CW-complexes.
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1944 D. Kołodziejczyk / Topology and its Applications 159 (2012) 1943–1947In our constructions we will use the following theorem of J.H.C. Whitehead (1949) with some corollaries and generaliza-
tions:
Theorem. ([27, Theorem 14], [26]) Let X and Y be ﬁnite CW-complexes with dim X = dim Y = 2 and π1(X) ∼= π1(X). Then there
exist integers mX and mY such that
X ∨
∨
mX
S2  Y ∨
∨
mY
S2.1
Hence we say that the homotopy types of 2-dimensional polyhedra with isomorphic fundamental groups create a con-
nected tree — the homotopy type of X is joined by an edge to the homotopy type of X ∨ S2.
Let P be a ﬁnite 2-dimensional CW-complex with a single vertex (it is well known that each CW-complex is homotopy
equivalent to such one of the same dimension).
One can assign to P a presentation P(P ) of π1(P ) such that the generators correspond to the 1-cells of P and the
relators are given by the characteristic maps of the 2-cells of P . For every sphere S2, i.e. a 2-cell attached in a trivial way,
we add the relation 1= 1.
Conversely, if P is a ﬁnite presentation of some group G , then there is a ﬁnite 2-dimensional CW-complex K (P) with a
single vertex, in which the 1-cells correspond to the generators of P and the attaching maps of the 2-cells are given by the
relations of P , i.e. if P = 〈g1, . . . , gk | r1, . . . , rm〉, then
K (P) = (eo ∪ e11 ∪ · · · ∪ e1k)∪
(⋃
r1
e21 ∪ · · · ∪
⋃
rm
e2m
)
.
It is easily seen that π1(K (P)) ∼= G .
Thus we have a 1–1 correspondence between ﬁnite 2-dimensional CW-complexes with a single vertex, with fundamental
group isomorphic to G and ﬁnite presentations of G in which we admit relations 1 = 1. From now on we will assume every
2-dimensional CW-complex to have only one vertex.
The above “Whitehead theorem on trees” may be strenghtened as follows (by its proof from [27, Theorem 14, p. 49],
compare [18], [16, Lemma 1.1]):
Theorem 1. Let X and Y be ﬁnite CW-complexes with dim X = dim Y = 2, π1(X) ∼= π1(Y ) and let the associated presentations P(X)
and P(Y ) have gX generators and rX relations, and gY generators and rY relations (respectively). Then
X ∨
∨
gX+rY
S2  Y ∨
∨
rX+gY
S2.
Remark 1. By Theorem 1, if there exist inﬁnitely many different homotopy types of ﬁnite CW-complexes Ki with dim Ki = 2,
π1(Ki) ∼= G and the associated presentations of G , P(Ki), have the same number of generators and the same number of
relators, then there exist inﬁnitely many ﬁnite CW-complexes Pi with dim Pi = 2, of different homotopy types such that
Pi ∨ S2 are homotopy equivalent.
Remark 2. By the results of C.T.C. Wall, if X is a CW-complex dominated by a ﬁnite polyhedron P with dim P = n 2 and
K˜ 0(Zπ1(X)) = 0 (for the deﬁnition of the group K˜ 0(ZG), see [24]), then X is homotopy equivalent to a ﬁnite polyhedron of
dimension max(n,3) [24, Theorem F, p. 66].
Thus, in particular, all the polyhedra dominated by 2-dimensional polyhedra may be assumed to have dimension
 3. The Whitehead theorem on trees may be generalized to all the polyhedra dominated by 2-polyhedra as follows
[16, Theorem 2.3]:
Theorem 2. ([16, Theorem 2.3]) Let X  P , Y  Q , for polyhedra P and Q with dim P = dim Q = 2, and polyhedra X and Y with
π1(X) ∼= π1(Y ). Then there exist integers mX and mY such that
X ∨
∨
mX
S2  Y ∨
∨
mY
S2.
Remark 3. The proof may be obtained by the Whitehead theorem on trees and the following result due to J. Cohen: if X
is an (n + 1)-complex dominated by an n-complex, then there exists a wedge of k n-spheres W (where k is equal to the
number of (n + 1)-cells in X ), such that X ∨ W  X (n) [4, Corollary 2, p. 412].
1 ∨
k S
2, where k ∈ N , denotes the wedge of k spheres S2.
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Deﬁnition. To every presentation of a group G one can assign an exact sequence 1 → R ⊆ F → G → 1, where F is a free
group: Let x be a generating set for G and let F be the free group with basis in 1–1 correspondence to x. Then R = R(G;x)
is the kernel of the canonical map F → G . By the abelianization of R we obtain a ZG-module M(G;x) = R/[R; R] with the
G-action given by conjugation. This module is called the relation module associated with x (compare [7]).
Remark 4. Let T = 〈r, s | r2 = s3〉 be a presentation of the trefoil knot group. M. Dunwoody and A. Pietrowski proved
in [6] that for each integer i, the pair r2i+1, s3i+1 generates T . Moreover, among the relation modules Mi corresponding
to these generating systems there are inﬁnitely many non-isomorphic Z T -modules (P. Berridge and M. Dunwoody [1]). The
corresponding presentations of T have each 2 generators and 3 relators, as below (this can be drawn from the results of [5]).
The author conjected ([17], compare [18]) that they directly lead to an example of inﬁnitely many 2-dimensional polyhedra
with isomorphic fundamental groups, the same χ but different homotopy types in the homotopy tree of T ; and hence by
Theorem 1, to a polyhedron dominating inﬁnitely many different homotopy types (an inﬁnite junction in the homotopy tree
of T ). For the ﬁrst example of such a polyhedron (but with an other fundamental group), see [18].
Conjecture. ([18]) There are inﬁnitely many different homotopy types among 2-complexes corresponding to the following presenta-
tions of T (i = 1,2, . . .):
Pi =
〈
r, s
∣∣ rs3r−1s−3 = 1, r2sr−2s−1 = 1, r6i+2s−6i−3 = 1〉.
In the sequel we will use the following:
Remark 5. It is known that for any knot group G , there exists a ﬁnite CW-complex K (G,1) of dimension  2 (see for
example [3, Ch. 8, Theorem 7.1]).
Remark 6. By [11, Corollary 4.3], since T has a 2-dimensional ﬁnite complex K (T ,1), then all the Mi can be realized as
2-dimensional homotopy groups of ﬁnite 2-dimensional CW-complexes.
Deﬁnition. Recall that a group G is called Hopﬁan if every epimorphism f : G → G is an automorphism.
Let us prove now our main theorem.
Theorem 3. There exists a polyhedron P with inﬁnitely many left neighbors and dim P = 2.
Proof. Let T be the trefoil knot group with a presentation
T = 〈r, s ∣∣ r2 = s3〉.
Let Ki be the 2-dimensional CW-complexes with a single vertex associated with the following presentations Qi of T ,
i = 1,2, . . . :
Qi =
〈
r, s, t,u
∣∣ r2 = s3, t2 = u3, r2i+1 = t2i+1, s2i+1 = u2i+1〉.
Thus π1(Ki) ∼= T . There are inﬁnitely many pairwise different π2(Ki) ∼= Mi , hence homotopy types among polyhedra Ki ,
i = 1,2, . . . (by [11, Theorem 4.5], compare Remark 6 and 4). Observe that the presentations Qi have all the same number
of 4 generators and 4 relators, so we obtain by Theorem 1 that all the Ki ∨∨8 S2 are homotopy equivalent.
Hence there exist inﬁnitely many pairwise different homotopy types of 2-dimensional polyhedra Pi , i = 1,2, . . . , with
π1(Pi) ∼= T such that Pi ∨ S2  P . Without loss of generality we may assume that P = P1 ∨ S2.
We will show that Pi are all left neighbors of P .
Let us begin with an observation that in our situation, all the X homotopy dominated by P are polyhedra of dimension
 3 up to homotopy type.
Indeed, for every one-related, torsion-free group G (and all of its subgroups), K˜ 0(ZG) = 0 (see [25]). By the classical
results of Wall [24, Theorem F, p. 66] (compare Remark 2), if P is a polyhedron with π1(P ) ∼= T and dim P = 2, then every
X  P is homotopy equivalent to a polyhedron of dimension  3.
The trefoil knot group T is Hopﬁan. Indeed, it is known that any knot group is residually ﬁnite (it is a corollary to the
results of [10] and [23], see also [13]), and that any ﬁnitely generated residually ﬁnite group is Hopﬁan [20].
Therefore, if there exists an X such that Pi  X  P , then both dominations Pi  X and X  P induce isomorphisms on
the fundamental groups. In particular π1(X) ∼= T .
Observe that in both cases (in the case, where X is a 2-dimensional polyhedron and in the case, where X is a 3-
dimensional polyhedron dominated by 2-dimensional polyhedron P ), we have χ(Pi)  χ(X)  χ(P ). Therefore, either
χ(Pi) = χ(X) or χ(X) = χ(P ).
Let us consider ﬁrstly the case, where X is a 2-dimensional polyhedron.
1946 D. Kołodziejczyk / Topology and its Applications 159 (2012) 1943–1947We will prove that:
(∗) There does not exist a homotopy domination, which is not a homotopy equivalence between 2-dimensional polyhedra
X and Y with π1(X) ∼= T ∼= π1(Y ) and χ(X) = χ(Y ).
Suppose on the contrary that there exists a homotopy domination X → Y that is not a homotopy equivalence. T is
Hopﬁan, so this domination induces an isomorphism on the fundamental groups. By the classical Whitehead theorem, there
exists a nontrivial Z T -module N such that π2(Y ) ⊕ N ∼= π2(X).
Since χ(X) = χ(Y ), from the Whitehead theorem on trees follows that
X ∨
∨
a
S2  Y ∨
∨
a
S2,
for some integer a. Thus
π2(X) ⊕ (Z T )(a) ∼= π2(Y ) ⊕ (Z T )(a)
as Z T -modules.
Observe that for the group T there exists a 2-dimensional polyhedron of the homotopy type of K (T ,1) (compare Re-
mark 5). Applying the Whitehead theorem on trees once again, we obtain that there exist integers b and d such that
π2(X) ⊕ (Z T )(b) ∼= π2(Y ) ⊕ (Z T )(b) ∼= (Z T )(d).
Then we have (Z T )(d)⊕N ∼= (Z T )(d) , hence (Z T )(d) is isomorphic to a proper direct factor of itself. We obtain a contradic-
tion, because for any group G , any ﬁnitely generated free ZG-module (ZG)(l) (where l is an integer) can not be isomorphic
to a proper direct factor of itself (by the result of Kaplansky [12, p. 122]; see also [22]).
Now we will apply (∗) to prove more general result:
(∗∗) Let X and Y be polyhedra dominated by some 2-dimensional polyhedron, π1(X) ∼= T ∼= π1(Y ), χ(X) = χ(Y ) and
dim X = 3, dim Y = 2. Then there does not exist a homotopy domination between X and Y which is not a homotopy
equivalence.
For the proof of (∗∗) we will use a corollary to the result of J. Cohen [4, Corollary 2, p. 412]: if X is a 3-complex
dominated by a 2-complex, then there exists a wedge of k 2-spheres W (where k is equal to the number of 3-cells in X ),
such that X ∨ W  X (2) .
Let us consider X ′ = X ∨W and Y ′ = Y ∨W instead of X and Y , where W is a wedge of k spheres S2 and k is a number
of 3-cells in X . If there is a homotopy domination which is not a homotopy equivalence between X and Y , then there exists
such a homotopy domination between X ′ and Y ′ . Observe that X ′ and Y ′ satisfy the assumptions of (∗), so we obtain a
contradiction.
Obviously, any Pi cannot dominate P , because χ(Pi) < χ(P ). From (∗) and (∗∗) we conclude that if there exists an X
such that Pi  X  P , then X  Pi or X  P . Thus the proof is completed. 
Let us ﬁnish with some open questions.
Deﬁnition. Recall that a group G is polycyclic if it has a ﬁnite series
G = G0  G1  · · · Gn = 1,
with cyclic factors Gi−1/Gi (for i = 1, . . . ,n).
Question 1. Does there exist a polyhedron of dimension 2 with polycyclic (or nilpotent) fundamental group homotopy dominating
inﬁnitely many different homotopy types?
Remark 7. Such examples in higher dimensions were obtained by the author (2001, 2003) in [19] and [15]. By [15], for
each n 3 and many virtually-polycyclic groups G , there exist (G,n)-complexes dominating inﬁnitely many homotopy dis-
tinct (G,n)-complexes. (A (G,n)-complex is an n-dimensional polyhedron with fundamental group G and vanishing higher
homotopy groups up to dimension n − 1.)
Question 2.Does every polyhedron with abelian fundamental group homotopy dominate only ﬁnitely many different homotopy types?
Remark 8. M.N. Dyer conjectured (1979) that if X and Y are polyhedra with dim X = dim Y = 2, then X ∨ S2 ∨ S2 
Y ∨ S2 ∨ S2 implies that X ∨ S2  Y ∨ S2.
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Corollary. ([16, Corollary 2.4]) Let P be a polyhedron with dim P = 2 homotopy dominating inﬁnitely many different homotopy types
of polyhedra and π1(P ) has only ﬁnitely many r-images up to isomorphism. Then one of the conditions is satisﬁed:
(i) There exist inﬁnitely many polyhedra Q i  P with dim Q i = 2 of different homotopy types such that Q i ∨ S2 are homotopy
equivalent.
(ii) The Dyer conjecture is false and there exists a counterexample in the tree of an r-image of π1(P ).
(iii) The Wall conjecture is false: there exists a polyhedron Q with dim Q = 3 dominated by a 2-polyhedron (such that π1(Q ) is an
r-image of π1(P )).
For example, every nilpotent ﬁnitely generated group has only ﬁnitely many r-images (i.e. retracts) up to isomorphism
(compare [14, Corollary 1]).
Question 3. Does there exist a polyhedron homotopy dominating inﬁnitely many Xi with pairwise non-isomorphic π1(Xi)?
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